A continuum damage mechanics model for low cycle fatigue failure of initially isotropic materials under multiaxial loading is presented. The expression for the equivalent strain in the fatigue damage evolution equation contains the three material parameters and the strain intensity as well as two principal strains for amplitudes. It is shown how these material parameters can be determined from a series of basic experiments proposed in this paper. Particular expressions for the equivalent strain with a smaller number of material parameters and invariants are obtained. Model results are found to be in satisfactory agreement with the experimental low cycle fatigue data under full ranged multiaxial loadings obtained in the test using a cruciform specimen.
tubes under tension and internal/external pressure /14-16/, cruciform specimens /17-21 /, notched cylindrical specimens /22,23/, etc.
The aim of this paper is to propose a new continuum damage mechanics model based on the equivalent strain concept for evaluating the damage growth and fatigue life under multiaxial loading for initially isotropic polycrystalline materials. We will use the results of strain controlled biaxial low cycle fatigue tests obtained on the basis of cruciform specimens /19,20/. These experimental results clearly show the effect of the amplitude of the maximum principal strain as well as the strain multiaxiality which is defined by the principal strain ratio φ=ε 2 2/επ on multiaxial low cycle fatigue lives for type SUS304 stainless steel at 923K and lCr-lMo-l/4V steel at 823K 1201. Here επ and ε 2 
CONTINUUM DAMAGE MECHANICS MODEL
A number of comments need to be made. Firstly, the equivalent strain concept gives an opportunity to relate all fatigue endurance data under multiaxial loading to corresponding primary fatigue endurance data from simple tests (basic experiments). Secondly, an approach based on the strain intensity introduced and used in classical theory of plasticity and on one material parameter which can be found from the one type basic experiments is not applicable to describe the fatigue behavior for many materials 12,7,8,21,22 The equivalent strain can be introduced as ε ε =αλ, ε| +βλ 2 ε π +γλ 3 ε 22 where επ and ε 2 2 are the maximum and minimum amplitudes of principal strains, respectively, λι, λ 2 and λ 3 are material parameters, α, β and γ are numerical coefficients which take into account the specific weight for different terms in Eq.(3). ε( in Eq. (3) is the strain intensity for the amplitudes which is defined as 
BASIC EXPERIMENTS
We now consider a procedure for the determination of three parameters αλ,, βλ 2 and γλ 3 in Eqs. (2), (3) and (6) surface. Then, the axis 3 will be to coincide with the normal direction to this plane. We recall that φ is the principal strain ratio and is defined as the ratio of ε 22 to e u , i.e. Φ = ^ (7) ε 11
Here επ and ε 22 are the amplitudes of principal strains in the directions 1 and 2 shown in Fig.2 , and the amplitude ε η is not smaller than ε 22 , i.e., ε π >ε 22 in the test on cruciform specimen 1201.
The experimental determination of the principal strain ε 33 in the direction 3 presents greater technical difficulties while comparing the strains ε π and ε 22 . Due to the technical impossibility of experimentally determining the strain ε 33 , many authors /17-21/ assume the condition of incompressibility, i.e., ε 33 =-(ε π +ε 22 ) (8) In other words, they assume that in low cycle fatigue the Poisson's ratio
However, applicability of Eqs. (4), (8) and (9) for practical problems is questionable. For example, in the case of the test for the 316FR steel, the low cycle fatigue life with φ=-1 is 7 times longer than that with φ=0 even under the same value of strain intensity 8j=T0" 3 calculated on the basis of Eqs. (4), (5), (7) and (8) This result clearly shows that ει does not become a suitable single parameter to evaluate the multiaxial low cycle fatigue damage. However, we have no information about the effect of strain ε 33 on the fatigue life of cruciform specimen. Therefore, we can adopt the relation (8) for the calculation of strain intensity in Eq. (4) only as the traditional assumption.
The strain intensity given by Eq.(4) together with Eq. (5), (7) and with assumption (8) can be rewritten as ε,· =4-α/ι + Φ + Φ 2 e n (10) V 3
Then, the equivalent strain in Eq.(3) can be expressed as ε ε = ( 1 + φ + φ 2 αλ| + βλ 2 + φγλ 3 ) ε 11 (11) On the other hand, we can assume as an alternative that ε 33 has a much smaller effect on the fatigue damage accumulation in comparison with ει, and ε 22 . In this regard, we arrive at the assumption that
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Therefore, the strain intensity given by Eq.(4) together with Eqs. (5), (7) and with assumption (12) can be expressed in the case under consideration as
Thus, the equivalent strain in Eq.(3) can be rewritten as
In the following, we will consider the applicability of either Eq.(ll) or Eq. (14) in analyzing the experimental data.
Let us return to the basic experiments on the cruciform specimen. Considering these basic experiments, we obtain
Here A, B, C, a, b, k and m are material constants that may be found from the approximation of experimental data curves in relationship between the amplitude of the maximum principal strain and the number of cycles to failure. We assume also that material constants a, b, k and m do not depend on the values of ε π and ε 2 2-
The method for determination of these material constants based on the multipoint approximation concept is discussed in detail in /40/.
On the other hand, we can use Eqs. (2) and (6) 
PARTICULAR CASES
Using either Eq. (18) or Eq. (21), we analyze certain possible particular cases, resulting from either Eqs. (2) and (11), or from Eqs. (2) and (14), and containing a smaller number of material parameters.
Firstly, we consider the equivalent strain given by Eq.(l 1). (I-ii) We now assume that from a set of basic experiments, we obtain Β = C, A*V3C, A * C
Substituting the first condition in Eq. (25) into Eq. (18), we arrive at the following relation
Therefore, the equivalent strain given by Eq.(l 1) has the following structure 
Using Eq. (18) together with Eq.(28), then we arrive at the following relation
Equivalent strain given by Eq.(l 1) can be rewritten as follows ε 6 =αλ 1 ε ί +γλ 3 ε 22 (30) Thus, in the case under consideration the expression (30) for the equivalent strain does not contain a term with the maximum principal strain.
(I-iv) If a set of basic experiments yields
A + C = 2B, B*C
we obtain α = 0 (32) Then, the equivalent strain can be expressed as ε 11 + γλ·3 ε 22 (33) In this case given by conditions in Eq. (31), the equivalent strain does not contain the term with the strain intensity.
Secondly, we adopt as an alternative the equivalent strain given by Eq. (14) ( then, together with Eq. (21) we obtain condition (26) . In this regard, the equivalent strain can be transformed to expression given by Eq. (27) together with Eq.(13) for the strain intensity.
(II-iii) We now assume that from a set of basic experiments, we obtain A * B, A + C = Β (Λ/3 +1) (38) Substituting the equality from Eq. (38) into Eq. (21), we arrive at the condition (29) . Therefore, the equivalent strain in Eq. (14) can be transformed to Eq. (30) together with Eq. (13) for the strain intensity.
(ΙΙ-iv) If a set of basic experiments yields
A + C = 2B, A * Β (39) we obtain equality (32) and the equivalent strain in a form of Eq.(33).
Thus, Eqs. (22), (25), (28), (31), (34), (37)- (39) (41) take place, we must use either Eq.(l 1) or Eq. (14) for the equivalent strain, respectively.
COMPARISON OF CALCULATED AND EXPERIMENTAL FATIGUE LIVES
The materials tested were the type 304 stainless steel at 923K and lCr-lMo-l/4V steel at 823K. The Table I . Therefore, we can determine the material parameters in the fatigue damage model proposed above using data of these basic experiments.
Firstly, we consider the lCr-lMo-l/4V steel at 823K. It is not difficult to see from Table 1 that formulas from Eqs. (31) and (39) are valid with the necessary accuracy in this case. This means a possibility to adopt the equivalent strain given by expression (33) . Thus, the fatigue damage development in this steel can be described without using the strain ε 33 and the strain intensity. The model parameters given in Table 2 are calculated as βλ 2 =Β, γλ 3 = Β -C
A comparison of model predictions on the basis of Eqs. (2), (6), (33) and (42) with the experimentally observed fatigue lives of cruciform specimens of the lCr-lMo-l/4V steel for the other levels of the strain ratio can be found in Table 3 .
Secondly, we consider the type 304 stainless steel at 923K. Using data of basic experiments from Table I it is not difficult to establish that conditions (40) and (41) are valid for given material. Therefore, we must use general representations for the equivalent strain given by Eqs.(ll) and (14) to describe the fatigue behavior of this steel. The model parameters given in Table 2 are calculated using Eqs. (18) and (21) for the cases with the equivalent strain in Eq.(l 1) and in Eq. (14), respectively. Table 3 shows a comparison of the results of calculations using either Eqs. (2), (6), (11) or Eqs. (2), (6), (14) with the experimental data for the other levels of the strain ratio. It is seen that the experimentally observed fatigue lives of cruciform specimens of the type 304 stainless steel are in satisfactory agreement with both the theoretical approaches.
There is little difference in the numerical results between these theoretical approaches. Furthermore, Figure 4 demonstrates that the majority of the model results are inside the scatter band of a factor of 2. A very important conclusion is also that either condition of incompressibility or condition of absence of the strain in the normal direction to the specimen surface can be used in the fatigue damage model proposed in this paper. , cycles
We can integrate Eq.(l) and obtain the following expression for the fatigue damage variable as function of the number of cycles ι co = l-[l-Nk X (e e )] k (43) Figure 5 illustrates the results of calculations of the fatigue damage growth in the type 304 stainless steel for various maximum principal strains and principal strain ratios obtained on the basis of Eqs. (2), (7), (33), (42) and (43). One can see the features of the influence of the maximum principal strain as well as the principal strain ratio on the fatigue damage evolution. Note that a law of the fatigue damage growth in Fig.5 is similar to the evolution law for microcrack density experimentally observed in the type 316L stainless steel /41/. Analogous character of the fatigue damage development was also established for the lCr-lMo-l/4V steel at 823K.
Number of cycles N, cycles
(a) Φ=1 Either condition of incompressibility or condition of absence of the strain in the normal direction to the specimen surface can be used in the fatigue damage model proposed in this paper. It was established that it is necessary to use two material parameters in the expression for the equivalent strain for predicting the fatigue failure of the lCr-lMo-l/4V steel at 823K. From the other hand, it is also necessary to use three material parameters in the proposed expression for the equivalent strain for predicting the fatigue failure of the type 304 stainless steel at 923K.
